We give an introduction to the heat kernel technique and ζ-function. Two applications are considered. First we derive the high temperature asymptotics of the free energy for boson fields in terms of the heat kernel expansion and ζ-function. Another application is chiral anomaly for local (MIT bag) boundary conditions.
Introduction
In this paper we give an introduction to the technique of the heat-kernel expansion and ζ-function regularization. The heat kernel became a standard tool in calculations of the vacuum polarization, the Casimir effect and quantum anomalies. In the case of non-trivial background fields, and especially in the presence of boundaries or singularities, the heat kernel technique seems to be the most adequate one for the analysis of the one-loop effects (see [1] for a recent review).
A possible application of heat kernel methods to the evaluation of high temperature asymptotics of the free energy in the presense of boundaries or singularities has not received due attention yet. At high temperatures the expansion of the free energy can be determined by the heat kernel expansion and ζ-function [2] . Chiral anomaly, which was discovered more than 30 years ago [3] , still plays an important role in physics. On smooth manifolds without boundaries many successful approaches to the anomalies exist [4] . The heat kernel approach to the anomalies is essentially equivalent to the Fujikawa approach [5] and to the calculations based on the finite-mode regularization [6] , but it can be more easily extended to complicated geometries. The chiral anomaly in the case of nontrivial boundary conditions (MIT bag boundary conditions) has been calculated only recently [7] .
The paper is organized as follows. In Sec. 2 we give an introduction to the formalism of the heat kernel and heat kernel expansion. Also we introduce a zeta function and calculate the one-loop effective action in terms of the zeta function. In Sec. 3 we consider two examples. First we derive the high temperature expansion of the free energy for boson fields in terms of the heat kernel expansion and ζ-function. Then we discuss a chiral anomaly in four dimensions for an euclidean version of the MIT bag boundary conditions [8] .
2 Spectral functions
Heat kernel
Consider a second order elliptic partial differential operator L of Laplace type on an n-dimensional Riemannian manifold. Any operator of this type can be expanded locally as
where a and b are some matrix valued functions and g µν is the inverse metric tensor on the manifold. For a flat space g µν = δ µν . The heat kernel can be defined as follows:
where φ λ is an eigenfunction of the operator L with the eigenvalue λ. It satisfies the heat equation
with an initial condition
If we consider the fields in a finite volume then it is necessary to specify boundary conditions. Different choices are possible. In section 3.1 we will consider the case of periodic boundary conditions on imaginary time coordinate, which are specific for boson fields. In section 3.2 we will study bag boundary conditions imposed on fermion fields. If the normal to the boundary component of the fermion current ψ † γ n ψ vanishes at the boundary, one can impose bag boundary conditions, a particular case of mixed boundary conditions. We assume given two complementary projectors Π ± , Π − + Π + = I acting on a multi component field (the eigenfunction of the operator L) at each point of the boundary and define mixed boundary conditions by the relations
where S is a matrix valued function on the boundary. In other words, the components Π − ψ satisfy Dirichlet boundary conditions, and Π + ψ satisfy Robin (modified Neumann) ones. It is convenient to define
Let {e j }, j = 1, . . . , n be a local orthonormal frame for the tangent space to the manifold and let on the boundary e n be an inward pointing normal vector.
The extrinsic curvature is defined by the equation
where Γ is the Christoffel symbol. For example, on the unit sphere S n−1 which bounds the unit ball in R n the extrinsic curvature is L ab = δ ab . Curved space offers no complications in our approach compared to the flat case. Let R µνρσ be the Riemann tensor, and let R µν = R σ µνσ be the Ricci tensor. With our sign convention the scalar curvature R = R µ µ is +2 on the unit sphere S 2 . In flat space the Riemann and Ricci tensors are equal to zero. One can always introduce a connection ω µ and another matrix valued function E so that L takes the form:
Here ∇ µ is a sum of covariant Riemannian derivative with respect to metric g µν and connection ω µ . One can, of course, express E and ω in terms of a µ , b and g µν :
For the future use we introduce also the field strength for ω:
The connection ω µ will be used to construct covariant derivatives. The subscript ; µ . . . νσ will be used to denote repeated covariant derivatives with the connection ω and the Christoffel connection on M. The subscript : a . . . bc will denote repeated covariant derivatives containing ω and the Christoffel connection on the boundary. Difference between these two covariant derivatives is measured by the extrinsic curvature (7). For example, E ;ab = E :ab − L ab E ;n .
Let us define an integrated heat kernel for a hermitian operator L by the equation:
where Q(x) is an hermitian matrix valued function, tr here is over matrix indices.
For the boundary conditions we consider in this paper there exists an asymptotic expansion [9] as t → 0:
According to the general theory [9] the coefficients a k (Q, L) are locally computable. This means that each a k (Q, L) can be represented as a sum of volume and boundary integrals of local invariants constructed from Q, Ω, E, the curvature tensor, and their derivatives. Boundary invariants may also include S, L ab and χ. Total mass dimension of such invariants should be k for the volume terms and k − 1 for the boundary ones.
At the moment several coefficients of the expansion (13) are known for the case of mixed boundary conditions (5) and matrix valued function Q (see [7] for details of derivation; the formula (49) for a 4 was derived in [7] with additional restrictions L ab = 0 and S = 0) :
For a scalar function Q and mixed boundary conditions the coefficients a 4 and a 5 were already derived [10] .
ζ-function
Zeta function of an operator L is defined by
where the sum is over all eigenvalues of the operator L. The zeta function is related to the heat kernel by the transformation
Residues at the poles of the zeta function are related to the coefficients of the heat kernel expansion:
Here I is a unit matrix with a dimension of the matrix functions
In Euclidean four dimensional space the zero temperature one-loop path integral over the boson fields φ = λ C λ φ λ can be evaluated as follows (up to a normalization factor):
Here we introduced the constant µ with a dimension of mass in order to keep a proper dimension of the measure in the functional integral. ζ L (0) can be thought of as a number of eigenvalues of the operator L. For the operator L in the form (1) the number of eigenvalues is infinite, so ζ L (0) yields a regularized value for this number. The zero temperature one-loop effective action is defined then by
The term ζ L (0) ln µ 2 = a 4 (I, L) ln µ 2 in the effective action W determines the one-loop beta function, this term describes renormalization of the one-loop logarithmic divergences appearing in the theory.
Applications

Free energy for boson fields
A finite temperature field theory is defined in Euclidean space, since for boson fields one has to impose periodic boundary conditions on imaginary time coordinate (antiperiodic boundary conditions for fermion fields respectively). A partition function is defined by
where H is a hamiltonian of the problem and β = /T . Let us choose the lagrangian density ρ in the form
where τ is an imaginary time coordinate and L is a three dimensional spatial part of the density in the form (1). The free energy of the system is defined by
the integration is over all periodic fields satisfying φ(τ + β) = φ(τ ) (N β is a normalization coefficient). As a result the eigenfunctions of ρ have the form exp(iτ ω n )φ λ , where ω n = 2πn/β and Lφ λ = λφ λ . The free energy is thus equal to [11] 
where we introduced ζ-function
and the parameter µ with a mass dimensionality in order to make the argument of the logarithm dimensionless (also see a previous section).
Then it is convenient to use the formula
and separate n = 0 and other terms in the sum. For n = 0 terms we substitute the heat kernel expansion for the operator L at small t
(30) and perform t integration, then we arrive at the high temperature expansion (β → 0) for the free energy F :
Here
is a zeta function of an operator L, γ is the Euler constant. The first two terms on the r.h.s. of (31) follow from the n = 0 term.
The term
is the leading high temperature contribution to the free energy.
The classical limit terms due to the equality ζ L (0) = a 3 can be rewritten as follows:
The terms on the l.h.s. of (33) yield a renormalized value of the terms on the r.h.s. of (33), since the sum on the righthandsight is generally divergent when the number of modes is infinite. The term with a 4 determines the part of the free energy that appears due to one-loop logarithmic divergences and thus it depends on the dimensional parameter µ as in the zero temperature case.
Chiral anomaly in four dimensions for MIT bag boundary conditions
Consider the Dirac operator on an n-dimensional Riemannian manifold
in external vector V µ and axial vector A µ fields. We suppose that V µ and A µ are anti-hermitian matrices in the space of some representation of the gauge group. σ
[ρσ] µ is the spin-connection 1 . The Dirac operator transforms covariantly under infinitesimal local gauge transformations (the local gauge transformation is D → exp(−λ) D exp(λ)):
and under infinitesimal local chiral transformations (the local chiral transformation is D → exp(iϕγ 5 ) D exp(iϕγ 5 )):
The parameters λ and ϕ are anti-hermitian matrices. We adopt the zeta-function regularization and write the one-loop effective action for Dirac fermions at zero temperature as
where
prime denotes differentiation with respect to s, and Tr is the functional trace.
The following identity holds:
Due to the identity (39)
so the effective action (37) is gauge invariant, δ λ W = 0. The chiral anomaly is by definition equal to the variation of W under an infinitesimal chiral transformation. Using (39) we obtain:
and the anomaly reads
The heat kernel is related to the zeta function by the Mellin transformation:
In particular, after the substitution of the heat kernel expansion (13) into the formula (43) we obtain
The same expression for the anomaly follows also from the Fujikawa approach [5] . We impose local boundary conditions:
which are nothing else than a Euclidean version of the MIT bag boundary conditions [8] . For these boundary conditions Π † − = Π − , and the normal component of the fermion current ψ † γ n ψ vanishes on the boundary. Since D is a first order differential operator it was enough to fix the boundary conditions (45) on a half of the components. To proceed with a second order operator L = D 2 we need boundary conditions on the remaining components as well. They are defined by the consistency condition [12] :
which is equivalent to the Robin boundary condition
In the paper [7] the following expression for a coefficient a 4 (Q, L) with an hermitian matrix valued function Q and conditions (5), L ab = 0 (flat boundaries), S = 0 was obtained: 
To obtain the chiral anomaly in four dimensions 3 with MIT bag boundary conditions one has to calculate the coefficient a 4 (Q, L) (49) with L = D 2 , Q = iγ 5 φ and substitute it into (44). We define
The anomaly contains two contributions:
In the volume part 
only the DA − R terms seem to be new [7] (for flat space it can be found e.g. in [6] ). The boundary part
is new [7] . It has been derived under the two restrictions: S = 0 and L ab = 0. Note, that in the present context, the first condition (S = 0) actually follows from the second one (L ab = 0) due to (48).
